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Abstract
We consider large-R-charge Coulomb branch correlation functions in N = 2 super-
conformal QCD in D=4 dimensions, with gauge group G = SU(2) and NF = 4 hyper-
multiplets in the fundamental representation. Using information from supersymmetric
recursion relations, S−duality, and matching of EFT parameters with the double-
scaling limit, we give an exact formula for the massless Coulomb branch EFT contri-








) eA[τ ]n+B[τ ], withA[τ ] andB[τ ] given as explicit
functions of the coupling constant τ in closed form. We note the precise agreement of
the EFT formula with supersymmetric localization even at low values of n, and discuss
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1 Introduction
In previous work [3–5] we have consideredN = 2 superconformal field theories in D = 4
spacetime dimensions with one-dimensional Coulomb branch and whose low-energy
degrees of freedom contain only a single U(1) vector multiplet and no charged hyper-
multiplets. The chiral ring of the Coulomb branch is generated by a single BPS scalar
primary operator O∆, of conformal dimension ∆ and U(1)R R-charge1 ∆. One can
study two-point functions of powers On∆ of the generator, and use analytic methods
to estimate the behavior of the two-point function when the total R-charge J = n∆
of the operator insertion On∆ is large. In [3–5] we used a supersymmetric version of
the previously developed large-charge expansion2 [28–40] (see [41–60] for more recent
developments) to determine the leading behavior of the correlation function at large
n, and then used supersymmetric recursion relations [61–63] to derive the higher 1
n
corrections from the leading terms. All this analysis uses only large J as a control pa-
rameter; the analysis does not require any weak-coupling limit of a marginal parameter
of the CFT, or for that matter any marginal parameter at all. The large R−charge
methods work equally well for superconformal theories with no marginal coupling (e.g.
the Argyres-Douglas theories [64–66]) as for those with.
To describe the large-R-charge expansion of the chiral primary correlation functions,
write the correlation function as









where ZS4 is the four-sphere partition function, and Zn = exp{qn} is the sphere parti-
tion function with On∆ and its O
n
∆ inserted at the two poles. The result of the analysis








n = An+B + log
[
Γ(J + α + 1)
]
, J ≡ n∆ ,
q
(mmp)
n = [smaller than any power of J ] , (1.2)
where A and B are nonuniversal coefficients that may depend on the normalization of
O∆, the renormalization scheme of the CFT path integral, and the marginal parameters
of the theory if any; α is an anomaly coefficient describing the difference between the
1We take the slightly nonstandard normalization for the U(1)R-charge that the supercharges Q
i
α
have R−charge − 12 and the free scalar component of a free vector multiplet has R-charge +1
2The large-charge expansion should itself be thought of as a special case of a more general subject
of the simplification of strongly-coupled quantum theories at large quantum number, including large
spin [6–14] and more general high-energy [15–21] and high-particle-number [15,22–27] limits.
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Weyl a−anomaly of the underlying CFT and that of the EFT of an abelian vector
multiplet and possibly neutral hypers; and q
(mmp)
n is a set of corrections from degrees
of freedom outside the massless EFT, describing macroscopic propagation of massive
particles. This last contribution, which we call the massive macroscopic propagation
(mmp) terms, is scheme-independent and independent of the normalization of the chiral
ring generator, but may vary from theory to theory and may depend on the marginal
parameters of the theory of any.
The α−coefficient describing the anomaly mismatch, can be quantified as
α = 2(a(CFT) − a(EFT))
units of [67] , (1.3)
where the units expressing the a−anomaly are those given in [67]. This is a commonly
used convention in which a U(1) vector multiplet has a−anomaly 5
24
and a massless
hypermultiplet has a−anomaly 1
24






A table of the values of α for all known rank-one N = 2 superconformal theories, is
given in the Appendix of [3].
Though our formula applies equally to theories with and without marginal couplings,
a theory with a marginal coupling gives us the opportunity for explicit computations
to test our predictions and check the rapidity of convergence of the large-J expansion
to the exact answer. The technique of supersymmetric localization [68, 69] allows the
computation of the four-sphere partition function, from which correlation functions
can be calculated using the prescription of [70]. For instance the case of N = 4 super-




−2n (2n+ 1)! and a−anomaly mismatch coefficient α = 1.
In the case of N = 2 superconformal QCD, with G = SU(2) and NF = 4 hypermul-
tiplets in the fundamental representation, the sphere partition function ZS4 [τ, τ̄ ] has
a complicated functional form for the dependence on the marginal coupling τ , and
there is no known closed form for the correlation functions G2n[τ, τ̄ ]. However one can
compute correlation functions numerically using the construction of [70], and test the
prediction (1.2) against the numerical data. This was done in [4,5], with a confirmation
of the prediction (1.2) to high precision. Specifically, in [4] the authors compared the
exact correlation functions with the EFT factor of the prediction for Coulomb-branch
correlators in SQCD (with anomaly mismatch coefficient α = 3
2
), with agreement suffi-
ciently precise that the nonperturbatively small correction q
(mmp)
n is distinctly visible in
the difference between the exact function qn and the massless EFT contribution q
(EFT)
n .
The nonperturbatively small correction q
(mmp)
n is expected to come from the breakdown
of the massless EFT description due to the macroscopic virtual propagation of massive
BPS particles of mass m along a distance `, giving effects of size (m`)(power) exp{−m`}.
5
The numerical data for q
(mmp)
n is in excellent agreement with such a functional form,




corresponding to the action m` for a massive hy-
permultiplet of mass m traversing the great circle of the S3 time-slice of the cylinder,
with length ` = 2πR in the conformal frame describing radial quantization with the
operator insertions at τ = ±∞. In this conformal frame the magnitude of the vector
multiplet scalar is constant and the hypermultiplet receives an effective mass through










R is the radius of the sphere.
In [4] the precision of comparison between theory and data was limited by the lack of
knowledge of the theory-dependent functions of the coupling, A and B in q
(EFT)
n , forc-
ing the authors to consider double-differences qn+1 − 2qn + qn−1, in which the theory-
dependent terms An+B drop out. In [5] the authors solved for the full functional form
A[τ, τ̄ ] of the A-coefficient, using the S-duality [1,71–73] of superconformal SQCD (see
also [74]) together with the supersymmetric recursion relations [61–63] as theoretical
inputs sufficient to determine A completely up to a single τ−independent coefficient,
which was matched to perturbation theory using the insights of [75] about the rela-
tionship between the large-J and weak-coupling limits. This allowed the authors of [5]
to make a theoretical prediction for the single differences qn+1 − qn, in which only the
B−coefficient drops out. In the present work we will use the recursion relations and
S−duality of N = 2 superconformal SQCD again, to solve for the full τ−dependent
functional form of the B−coefficient, up to an overall constant factor; and then we shall
match the constant term in B with a semi-classical calculation in double-scaled pertur-
bation theory [2] (which extends earlier work [75] to the regime of strong double-scaled
coupling).
The result will be as follows, written in terms of the coupling-dependent but scheme-
independent combination B̃ ≡ B − log[ZS4 ]. The exponentiated coefficient B̃, whose
determination is the main calculation of this paper, is given by
















where λ(σ) is the modular lambda function, η(σ) is the Dedekind eta function, and
γG is the Glaisher constant γG ' 1.2824271291. The last factor is the reciprocal of
the partition function Z Pestun−
Nekrasov
as computed in the Pestun-Nekrasov scheme, by which
we mean as computed by localization using Pestun’s one-loop determinant [69] and
Nekrasov’s U(2) (as opposed to SU(2)) instanton factor [68].
The plan of the paper is as follows. In sec. 2 we review the properties of the coupling-
dependent functions A[τ ] and B[τ ], and their transformation properties under scheme
changes corresponding to holomorphic coupling reparametrization. In sec. 3 we review
the properties of the B[τ ]-function under shifts of the Euler-density counterterm, which
acts on the log of the partition function as Kähler transformations of the Kähler poten-
tial of the Zamolodchikov metric. In sec. 4, we use these properties to determine the
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τ−dependence of the B[τ ]-function (in any given scheme) up to an overall coupling-
independent additive constant C, which remains a free parameter in the EFT, even
taking duality symmetries into account. In sec. 5 we use EFT inputs for the behavior
of the exponentially small correction together with the recently derived solution [2] of
the correlation functions in the double-scaling limit of [75], to fix the final coupling-
independent coefficient C. As a byproduct of this analysis we find a simple relationship
between the ”worldline instanton” piece F (inst) of the double-scaled correlator in [2] on
the one hand, and the non-EFT contribution to the correlation function on the other
hand, which we call the macroscopic massive propagation (mmp) function: We show
that the former is simply the double-scaling limit of the latter. Having understood
this relationship, we then go on in sec. 6 to discuss the expected behavior for the mmp
function on eft grounds, both in the double-scaling limit and in the fixed-τ limit at
large J . In particular, we calculate the expected eft value for the exponential in
the exponent of the function F (inst) of [2] at strong double-scaled coupling λ, and we
show that it matches the expected exponent corresponding to a worldline instanton of
a conformal hypermultiplet in the background Coulomb branch expectation value cre-
ated by operator insertions of R−charge J = 2n. In sec. 7 we compare the completed
EFT approximation with numerical results from localization by way of the algorithm
described in [70]. In sec 8 we discuss our results and draw conclusions. We also include
several Appendices in which we give a comprehensive list of conventions used in this
paper and in the closely adjacent literature (in sec. A); and also weak-coupling expan-
sions of various quantities appearing in the paper (in sec. B), as well as a discussion
of transformation laws of coupling-dependent functions used in the paper, under the
modular group and its quotient the anharmonic group (in sec. C).
2 Properties and transformation laws of the A−
and B−functions
2.1 Recursion relations and their solution
The correlation functions G2n = 2
+4n eqn[τ,τ̄ ]−q0[τ,τ̄ ] satisfy the recursion relation of a
semi-infinite Toda lattice [61–63]





These can be used to derive higher correlation functions from lower ones; alternately,
by expanding qn in a series at large n and applying the recursion relations order by
order, one can write equations for all the terms in the series. Supplementing the
recursion relations with additional information from the eft of the effective abelian
vector multiplet on the Coulomb branch, and information about the coefficients of
leading terms coming from explicit calculation of diagrams and matching with known
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theories, we find the series is determined up to exponentially small corrections to be
qn ' q(eft)n = An+B + log
[
Γ(n∆ + α + 1)
]
, (2.2)
with the corrections exponentially small in
√
n that we shall call q
(mmp)
n ≡ qn − q(eft)n .
In conformal SQCD, the generator of the Coulomb-branch chiral ring has ∆ = 2, and
the anomaly-mismatch coefficient α = 3
2
. In that case,
q
(eft)










n = Γ(2n+ 5
2
) enA+B . (2.3)
In addition, the recursion relations imply that the A,B coefficients satisfy PDEs with
respect to the gauge coupling τ :
∂τ∂τ̄A = 8 e
A , (2.4)
∂τ∂τ̄ (B − A) = 0 . (2.5)
2.2 Transformation of the A−function under holomorphic cou-
pling reparametrizations
In [4] the authors fully solved for the form of A as a function of τ and τ̄ . In doing this we
used the S-duality properties of SQCD, and it is useful to work in a different coupling
coordinate σ, in which the S-duality acts more simply. This coupling is sometimes
referred to as the ”infrared coupling” as distinguished from the ”ultraviolet coupling”
τ ; the relationship between the two is
q ≡ exp{2πiτ} = λ(σ) , (2.6)
where λ(σ) is the modular lambda function. (The weak-coupling expansion of the rela-
tionship between σ and τ is given to the first few orders in eqs. (B.2)-(B.4)). In order
for the recursion relations to be independent of the coordinate used on theory space,
we have to transform our A function among different holomorphic coordinate systems
with the transformation law of a Liouville field (see e.g. [76]) i.e., with an additive
term that is the log of the norm-squared of the holomorphic Jacobian, so that exp{A}
transforms as an object with one lower holomorphic and one lower antiholomorphic
index:
A[τ ′] ≡ A[τ ] + log
[ ∣∣ dτ
dτ ′
∣∣2 ] , exp{A[τ ′]} = ∣∣ dτdτ ′ ∣∣2 exp{A[τ ]} , (2.7)
with the subscript in square brackets indicating the holomorphic coordinate with re-
spect to which the A-field is defined. With this transformation law, the equation (2.4)
is the same in any holomorphic coordinate.
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Note that the correlation functions themselves also transform under a change of holo-
morphic coordinate on theory space. This is natural, since the generatorO2 = −4πi tr[φ̂2]
is in the same superconformal multiplet as the chiral marginal operator Tr(F 2+) mul-
tiplying the holomorphic gauge coupling τ in the Lagrangian, and marginal opera-
tors transform as covector fields on theory space. (Here by F± we mean the self-
dual and anti-self-dual parts of the gauge field strength.) The correlation function
G2 = |x− y|4 〈O[τ ]O[τ̄ ]〉 is therefore a tensor product of a holomorphic and antiholo-









∣∣2nG2n[τ ] , (2.9)
and the qn transform as
qn[τ ′] = qn[τ ] + n log
[ ∣∣ dτ
dτ ′
∣∣2 ] . (2.10)
Note that this transformation law also follows from the fact that the partition function
ZS4 transforms as a scalar, together with the recursion relations (2.1).
We note that these transformation laws also reflect the relationship between the
Zamolodchikov metric on superconformal theory space, and the theory-space Kähler
potential from which it is derived [77,78]. The sphere partition function can be viewed
as the exponential of the Kähler potential for the Zamolodchikov metric gτ τ̄ on theory
space; the two-point function for a chiral primary, which is directly proportional by
SUSY to the two-point function of the chiral marginal operator descended from it, is
proportional to the holomorphic times antiholomorphic second derivative of the Kähler
potential:




G2[τ ] = K,τ τ̄ = 12 ∂τ∂τ̄ log[Z] . (2.11)
So the transformation law of G2 under holomorphic coupling reparametrization of τ
follows from its identification as 4
3
times the Zamolodchikov metric. See the com-
ments in sec. A.4.3 of the Appendix on the various normalization conventions used
in the relevant literature for the Zamolodchikov metric and its Kähler potential for
N = 2 superconformal theories with marginal operators, and their relationships to the
normalizations of two-point functions.
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2.3 Transformation of the A−function under duality transfor-
mations
In terms of the UV coupling τ, the action of the SL(2, Z) S-duality is not the famil-
iar one acting by fractional linear transformations with integer coefficients [1, 71–73].
Rather, the familiar generators S and T of the S-duality group act on q ≡ e2πiτ = λ(σ)
as
S : q → 1− q , T : q → q
q−1 . (2.12)
This is to be contrasted with the infrared coupling σ that transforms in the familiar








∈ SL(2, ZZ) (2.13)
with the generators acting by
S : σ → − 1
σ
,
T : σ → σ + 1 . (2.14)
2.3.1 Duality transformations and solution for A[σ]
In [5] we used the duality properties of the A function to solve completely for its
functional form, which is most easily expressed in the σ coordinate, where exp{A[σ]}
transforms as a modular form of weight (2, 2).
The transformation law of exp{A[σ]} as a modular form of weight (2, 2) follows from
the underlying duality invariance of the theory. Duality says that the sphere partition
function must be duality invariant up to a holomorphic times antiholomorphic factor.
From that property, it follows that the correlation functions G2n[σ] ≡ 2+4n eqn[σ]−q0 ,
which obey (2.1) with respect to the coordinate σ, must transform as nonholomorphic
modular forms of weight (2n, 2n). From there, we can express A[σ] as








from which it follows immediately that exp{A[σ]} transforms as a modular form of
weight (2, 2).
The simple transformation law under the duality group makes it simplest to express
the solution for A in terms of the σ−coordinate. In [5] we found the solution
exp{A[σ]} = 116 [Im[σ]]2 . (2.16)
This solution was uniquely determined, up to a single constant, by the requirement that
A[σ] transform as a nonholomorphic modular form of weights (2, 2) under the S-duality
group acting on σ. The single constant was then fixed by matching with perturbation
theory, supplemented by the double-scaling analysis of [75].
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2.3.2 Duality transformations and solution for A[τ ] in the τ variables
We can use the transformation law to express the A-function A[τ ] in the τ frame, given
the solution (2.16) and the transformation law (2.7). We have
exp{A[τ ]} = |dσdτ |

















∣∣2 = 2+ 23 |λ(σ)|− 23 × |1− λ(σ)|+ 43 × |η(σ)|8, we can write the expression
for the exponentiated A−coefficient in the τ−frame more simply as
exp{A[τ ]} = 2−
14
3 |λ(σ)|+ 23 × |1− λ(σ)|− 43 × |η(σ)|−8 × 1
[Im(σ)]2
(2.19)
It is far from transparent that A[τ ] as defined above, transforms appropriately un-
der duality transformations. To see this more clearly it is helpful to discuss duality
transformations directly in the τ variables. Just as a holomorphic modular form of
weight k is an object that transforms just like the k/2 power of the σ−derivative of a
modular-invariant function, we can define an anharmonic form of weight w as an object
transforming like the w/2 power of the τ−derivative of a modular-invariant function.
An anharmonic form φw of weight w transforms as






STS : q → +1
q
, φw → (−1)w/2 φw . (2.20)
for w an even integer.3
More generally, a not-necessarily-holomorphic anharmonic form of weights (w, w̃)
transforms as








STS : q → +1
q
, φ(w,w̃) → (−1)(w−w̃)/2 φ(w,w̃) . (2.21)
3We choose the name ”anharmonic form” to indicate its simple transformation law under the
anharmonic group S4 = SL(2,ZZ)/Γ(2) with Γ(2) being the subgroup of the modular group SL(2,ZZ)
that leaves q = λ(σ) invariant.
11
for w − w̃ an even integer.
The transformation law is chosen so that the derivatives ∂τ and ∂̄τ̄ transform as
anharmonic form of weights (+2, 0) and (0,+2), respectively. It follows immediately
that the two-point function G2[τ ] of the chiral ring generatorO ≡ O[τ ] whose descendant
is the chiral marginal operator defined by differentiating the theory with respect to τ,
is an anharmonic form of weights (+2,+2). We discuss these objects in more detail in
Appendix C.
3 Scheme-dependence and duality properties of the
sphere partition function and B−function
3.1 Scheme-dependence of the partition function and the B−function
Just as we solved for the A−function using S−duality, we would like to use a sim-
ilar strategy to solve for the coupling dependence of the B−function. Unlike the
A-function, the B−function is not defined with respect to any coordinate system and
does not transform under reparametrization of the gauge coupling. Like the sphere
partition function ZS4 , the B−function is a scalar with respect to coupling constant
reparametrization.
However also like the sphere partition function, the definition of the B−function
does have an renormalization-scheme ambiguity associated with the coupling depen-
dence of the Euler-density counterterm [77, 78]. At the level of the four-dimensional
gauge theory, this counterterm is just a c−number multiplying the Euler density of the
background metric, but the dependence of this c−number counterterm on the gauge
coupling gives a multiplicative renormalization by a positive function of the coupling
constant τ .
Absent further information, this scheme ambiguity would render the sphere parti-
tion function meaningless and completely arbitrary. However superconformal symme-
try imposes constraints on the consistent SUSY-preserving regularization procedures
and choice of counterterms, which reduces the ambiguity. With the background metric
and marginal couplings assigned spurionic SUSY transformations and the countert-
erms chosen to preserve superconformal symmetry, the only counterterm ambiguities
are in the form of a holomorphic plus antiholomorphic function of the marginal param-
eters multiplying the Euler density, so that the sphere partition function transforms
under these ambiguities into itself times a positive definite, holomorphically factorized
function of the holomorphic coupling:
Z → |P (τ)|2 Z (3.1)
This scheme change can also be viewed as a Kähler transformationK → K + 12 log[|P (τ)|2]
by virtue of the discussion in [77,78], reviewed at the end of sec. 2.2.
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This scheme ambiguity clearly does not affect the correlation functions as derived
from the recursion relations (2.1), nor does it affect the A−function as can be seen
from the relation (2.15): Under a change of scheme / Kähler transformation,
G2n → G2n , A→ A , (3.2)
From these transformation properties and the definitions, we see that the qn and the
B−function:
exp{qn} → |P (z)|2 exp{qn} , exp{B} → |P (z)|2 exp{B} . (3.3)
In order to solve for the B−function, then, we must first recognize that there is no
”the” B−function, and we must solve for the B−function in a given scheme. Then we
can reconstruct the B−function in any other scheme with the relation
exp{Bscheme 2} = Zscheme 2Zscheme 1 exp{Bscheme 1} (3.4)
Note that the combination
B̃ ≡ B − log[Z] (3.5)
is scheme-independent, and can be described as the n0 term in the large-n limit of
correlation functions:
G2n = 2









Fortunately, the S-duality of SQCD, and its known action on the partition function
in a particular scheme [1], will give us enough information to solve for the B−function
in any given scheme we like.
3.2 Duality fixes the scheme uniquely up to an overall coupling-
independent constant
For a theory with an S−duality, the duality transformation properties of the sphere
partition function may be seen to determine the Euler-counterterm choice completely
up to an overall, coupling independent constant, assuming that the counterterm choice
is reasonable in the sense of having weak-coupling asymptotics, i.e. growing no faster
than a negative power of q = exp{2πiτ} at weak coupling. Suppose we have two
different counterterm choices for the same theory at the same value of the coupling;
the sphere partition functions are Zscheme 1 and Zscheme 2. Under the assumption that
both scheme choices respect superconformal symmetry, we know the ratio of the two
must be holomorphically factorized:
Zscheme i = |Pij(τ)|2 Zscheme j , i, j ∈ {1, 2} ,
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|Pji(τ)|2 = |Pij(τ)|−2 . (3.7)
Here we should pause to note we do not necessarily assume the holomorphic factor-
ization is global, i.e. we do not necessarily assume Pij(z) is single-valued; we only
assume the norm-squared is single valued. For SQCD in particular also, the |Pij(τ)|2
must also be nonsingular away from the weak-coupling and dual-weak-coupling points
q = exp{2πiτ} = 0, 1, as there are no other points in theory space where the dynamics
become singular.
If both Zscheme i transform the same way under S−duality and both have standard
weak-coupling asymptotics, then the ratio |Pij(τ)|2 is a positive definite, nonsingular
harmonic function of q = exp{2πiτ} that is invariant under the modular transformation
(2.12). By Liouville’s uniqueness theorem for modular-invariant harmonic functions,
given in section C.5 of the Appendix, this implies |Pij(τ)|2 must be a constant, inde-
pendent of τ . This requires only the assumption that log[Zscheme i] are both bounded by
some power of Im[τ ] at weak coupling, and only a local, rather than global, holomorphic
factorization of |Pij(τ)|2.
Once we know the duality transformation of Z in a given scheme, we can always
construct Z in a duality-invariant scheme by multiplicatively averaging over duality
images of Z. Note that this is far simpler than a Poincaré series for the log of Z,
which would involve averaging over an infinite set of duality images under SL(2, ZZ).
The SQCD partition function is a function of q = exp{2πiτ}, on which the congruence
group Γ(2) acts trivially, and only the finite quotient SL(2, ZZ)/Γ(2) acts nontrivially.
This quotient is of order 24, and is isomorphic to the symmetric group S4 on four
elements, sometimes called the anharmonic group in the role it plays here. Of the
24−element group, four elements fix q and so the duality orbit of q and any function
depending on q, consists of only six objects. So given a partition function Z[q] in any
scheme, we can always define
Z(inv)[q] ≡
[∏




The partition function Z(inv)[q] is equivalent to the original partition function Z[q] up
to a holomorphic plus antiholomorphic Euler counterterm in the action, equivalently
a Kähler transformation of K ≡ 12 log[Z], and is invariant under all duality transfor-
mations. So, if we have any partition function with a known duality transformation,
we may always construct a duality-invariant version of the partition function by a
calculable change of the Euler-counterterm choice.
In the next section we shall use the AGT correspondence to write the duality trans-
formation of the partition function in the scheme used by [1], and relate that scheme
to others that will be of use to us.
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3.3 The AGT partition function [1] and its duality transfor-
mation
3.3.1 General idea of [1]
In its role as a duality group of conformal SQCD, the 24−element permutation group
S4 can be thought of as permuting the locations of four local operators in a two-
dimensional CFT four-point function, which is an equivalent representation of the
SQCD sphere partition function under the 4D/2D correspondence known as AGT
duality. [1] In what follows we shall use this correspondence to fix the duality transfor-
mation of the partition function in the scheme in which ref. [1] defines it, and use that
definition to compare to other schemes as well.
The work of [1] uses the duality ideas of [71] and the explicit calculations of [68,69]
to make a correspondence between a number of superconformal field theories in four
dimensions with SU(2) gauge group on the one hand, and four-point functions in two-
dimensional Liouville theory on the other hand. This work, drawing on intuitions
from the engineering of four-dimensional gauge theories by the compactification of
the six-dimensional (2, 0) theory on Riemann surfaces, has had many applications and
generalizations (see e.g. [79] for a recent review of the state of the art), but for our
purposes its main virtue is the fixing of the scheme-dependent duality properties of the
partition function of conformal SQCD on the four-sphere.
Schematically, the substance of the AGT correspondence for superconformal SQCD
with G = SU(2) and four hypermultiplets in the fundamental representation, is the
equality
[partition function of SQCD on S4] = [four− point function of Liouville theory on S2] ,(3.9)
with the gauge coupling τ of SQCD is related to the holomorphic cross-ratio of the
four-points:
q = exp{2πiτ} = z12z34
z13z24
. (3.10)
3.3.2 Map of parameters for the AGT correspondence for conformal SQCD
In the case we are interested in, where the S4 is round instead of squashed, and where
the hypermultiplet masses vanish, the Liouville theory is the one with asymptotic linear
dilaton gradient Q = 2 and central charge 1 + 6Q2 = 25, and the four vertex operators
are those of the lowest-dimension normalizable states, α1,2,3,4 = h1,2,3,4 = h̃1,2,3,4 = +1.
In terms of AGT’s parametrization of the four-dimensional geometry and mass param-
eters, these parameters correspond to4
b = b−1 = ε1 = ε2 = +1 , ε1 + ε2 = ε+ = Q = b+ b
−1 = +2 ,
4Some relevant comments on conventions for mass parameters are given in [80]; see also [74].
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m̃0,1 = m̂0,1 = 0 , m0,1 =
Q
2
+ m̂0,1 = +1 . (3.11)
(Here, both the ε and mass-parameter quantities are dimensionful with mass dimension
+1; refs [1, 69] make up the mass dimensions by setting the radius of the four-sphere
equal to 1.)
3.3.3 Definition[s] of CFT four-point function[s]
At the schematic level we have stated it so far the equivalence (3.9) is under-specified,
since we have not quite stated what one means by ”the” CFT four-point function.
There are various, slightly different, definitions of a CFT four-point function, all related
to each other by holomorphically factorized functions of the cross-ratio, corresponding
to holomorphically factorized functions of the exponentiated gauge coupling q. Since
it is precisely these kinds of holomorphically factorized objects we wish to specify
precisely, we need to give more information about how precisely the four-point function
is defined.
There are various versions of the four-point function in the literature and the version
of the four-point function equal to the four-sphere SQCD partition function under the
AGT correspondence, is none of the more commonly used versions.
Taking all four operators to be scalars of equal dimension ∆ = 2h, the first common
normalization is just to define
Ã[q] ≡ limy→∞|y|+4hÃ[y, 1, q, 0] (3.12)
where
Ã[z1,2,3,4] ≡ 〈O(z1)O(z2)O(z3)O(z4)〉 (3.13)
With this definition, Ã[q] has the transformation properties




] = |q|4hÃ[q] (3.15)
under the generators of the anharmonic group if the four scalar operators are identical.
Then there is another common definition of the four-point function that is commonly
used in the bootstrap literature (see e.g. the recent review [81] and references therein)
g[q] ≡ |q|+4hÃ[q] (3.16)
for a four-point function with four scalar operators of equal dimension ∆ = h+ h̃ = 2h = 2h̃.
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This definition is such that the four-point function behaves more smoothly at small
q for a unitary CFT with discrete spectrum. For such a ”nice” CFT, the limit q → 0
is dominated by the exchange of the lowest state, which is always the identity, in the
intermediate channel [81] so that g[q] scales as q0 instead of having a singularity. The
same is true even for theories with continuous spectrum that are obtained as limits of
unitary theories with discrete spectrum [82]: Also in this case the identity is the lowest
state, whether discretely below a continuum or at the bottom edge of a continuum
starting at zero dimension.
For nonunitary CFT, or for CFT with continuous spectrum that are not the limit of
CFT with discrete spectrum, the situation may be different and the lowest normalizable
state in the radial-quantization Hilbert space, may not correspond to the identity under
the state-operator correspondence and may not have dimension zero. In such cases, the
singularity of the four-point function Ã[q] at small q is not |q|−4h but rather |q|−4h+∆vac,
where ∆vac is the dimension of the lowest normalizable state, with ∆vac = 2h0 = 2h̃0
for a parity-invariant CFT.
For these theories, the natural four-point function to define for four identical scalars
with conformal weights (h, h), is the generalized four-point function
ggen[q] ≡ |q|−∆vac g[q] = |q|4h−∆vac Ã[q] = |q|4h−∆vac limy→∞ |y|4h 〈O(y)O(1)O(q)O(0)〉 . (3.17)
This definition is chosen so that the power law in the singularity of ggen[q] is q
0, although
for theories with continuous spectrum, there may be corrections in powers of log[q]
depending on the dimension of the continuum and the behavior of the spectral density
near the vacuum. For unitary theories with discrete spectrum, limits of such theories,
or for any CFT whose ground state dimension is ∆vac → 0, the generalized four-point
function reduces to the usual bootstrap-friendly four-point function, ggen[q]→ g[q].
3.3.4 Modular transformations of the four-point function[s]
For us what matters about these four-point functions is their modular properties, which
are inherited directly from those of Ã[q], which we will explain here and summarize
below in table 1.
The unmodified four-point function Ã[q] for four identical scalar primaries with
weights (h, h), transforms as





] = |q|+4h Ã[q] , (3.18)
The ”bootstrap-friendly” four-point function g[q] ≡ |q|+4h Ã[q] for four identical scalar
primaries with weights (h, h), transforms as





object Ã[q] g[q] ggen[q] A(inv)[q]








|q|+4h Ã[q] |q|−4h g[q] |q|2∆vac−4h ggen[q] A(inv)[q]
Table 1: Anharmonic-group transformations of types of four-point function in CFT,
for four identical scalars of conformal weights hL = hR = h, and the vacuum having a





] = |q|−4h g[q] . (3.19)
The generalized bootstrap-friendly four-point function ggen[q], as defined in (3.17),
transforms as





: ggen[q]→ ggen[1q ] = |q|
2∆vac−4h ggen[q] . (3.20)
Finally we note the existence of another possible definition of the four-point function
four-point which is basically never used, but which deserves attention in the context
of the present article. We can define
A(inv)[q] ≡ |q|+ 4h3 |1− q|+ 4h3 Ã[q] = |q|− 8h3 |1− q|+ 4h3 g[q] = |q|∆vac− 8h3 |1− q|+ 4h3 ggen[q] . (3.21)
It is easy to check that this four-point function is invariant under q → 1− q and q → 1
q
and therefore under the entire duality group with the anharmonic group S4 acting on
q as generated by q → 1− q and q → 1
q
:





] = A(inv)[q] , (3.22)
It is also straightforward to see that the definition (3.21) coincides with the definition
of A(inv)[q] as an explicit multiplicative average over its orbit under the dualities:
A(inv)[q] ≡
[∏




We summarize their transformation laws in table 1.
For purposes of this paper, we are interested in the four-point function in the specific
case of Liouville theory at Q = 2, c = 25, which has ∆vac =
Q2
2
= +2, and four identical
external operators with h = h̃ = 1. For these values specifically, we summarize the
transformations of the various four-point functions in table 2.
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transformation
object Ã[q] g[q] ggen[q] A(inv)[q]








|q|+4 Ã[q] |q|−4 g[q] ggen[q] A(inv)[q]
Table 2: Anharmonic-group transformations of types of four-point function in CFT, for
four identical scalars of conformal weights hL = hR = h = +1, and the vacuum having
a normalizable vacuum of total (left plus right) dimension ∆vac = +2. This is the case
of Liouville theory at Q = 2, c = 25 where the four operators are the normalizable
vacuum. For these parameters, the amplitude ggen[q] corresponds under the AGT
correspondence to the (round) S4 partition function for conformal N = 2 SQCD with
G = SU(2) and NF = 4.
3.3.5 Precise definition of the S4 partition function and Liouville four-point
function in AGT correspondence
S4 partition function of N = 2 superconformal SQCD with G = SU(2) and NF = 4
In the correspondence of [1] the S4 partition function for conformal SQCD is defined
with the parameters (3.11), but also in a particular scheme that fixes the holomorphic
plus antiholomorphic counterterm ambiguity of the Euler density term in the CFT ac-
tion. The authors define the partition function using Pestun’s [69] localization method,
with one alteration. While [69] uses Nekrasov’s [68] U(2) instanton partition function,
the authors of [1] factor out the effects of instantons that are in some sense purely
inside the U(1) factor of the U(2) gauge group, resolved to zero size by a deformation
depending on parameters ε1,2 that can be interpreted in terms of five-dimensional gauge
theory or noncommutative geometry in four dimensions. This set of instantons gives a
contribution that depends on the gauge coupling τ and on the ε− parameters ε1,2 but
is otherwise completely decoupled from the SU(2) gauge dynamics; its sole effect is
a holomorphically factorized multiplicative contribution |1− q|+4 to the S4 partition
function. The authors of [1], in their eq. (3.9), remove this factor explicitly in defining
their partition function:
ZAGT[q] = |1− q|−4m0(Q−m1) Z Pestun−
Nekrasov
[q] , Z Pestun−
Nekrasov
[q] = |1− q|4m0(Q−m1) ZAGT .
For the specific case of interest to us, with parameters m0 = m1 = 1, Q = 2, which
correspond to conformal SQCD on the round S4, the relationship is
ZAGT[q] = |1− q|−4 Z Pestun−
Nekrasov
[q] , Z Pestun−
Nekrasov
[q] = |1− q|+4 ZAGT . (3.24)
Since this removal is positive definite and holomorphic times antiholomorphic, it can
be absorbed completely into holomorphic plus antiholomorphic coupling dependence
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of the Euler-density counterterm5, and its presence or removal does not affect any
observables or correlation functions. However it does affect the duality transformation
of the AGT partition function, which is relevant for our considerations. For us, it is
important that the S4 partition function appearing in the equality (3.9), is the one
whose instanton contributions have had their U(1) factor removed from the Nekrasov
instanton sum [68].
Liouville four-point function
The Liouville four-point function that appears in the equivalence (3.9), is the one
we have defined as the ”generalized bootstrap-friendly” four-point function ggen[q]; in




and so the definition of ggen is
ggen[q] = |q|−
Q2
2 g[q] = |q|4h−Q
2
2 Ã[q] = |q|4h−Q
2
2 limy→∞ |y|+4h 〈O(y)O(1)O(q)O(0)〉 , (3.25)
For the specific parameters corresponding to conformal SQCD on the round four-
sphere, Q = 2 and h = 1, the relationship is
ggen[q] = |q|−2 g[q] = |q|2 Ã[q] = |q|2 limy→∞ |y|+4h 〈O(y)O(1)O(q)O(0)〉 , (3.26)
Precise correspondence and duality transformation of AGT’s partition function
So, specifically, the precise form of the correspondence (3.9) can be found by com-
paring expressions (4.1) and (4.2) in [1]
ZAGT[q] = ν ggen[q] , (3.27)
where ν is a q−independent constant which can be read off from eq. (4.2) of [1] but
which we need not record here. For us, the key point is the duality transformation law of
ZAGT which must match that of ggen[q], which we have given in eq. (3.20) and in table 1.
For our particular parameter choices h = 1, Q = +2,∆vac = 2, the transformation law
is:





: ggen[q]→ ggen[1q ] = ggen[q] . (3.28)
It follows from (3.27) and (3.28) and that the AGT partition function transforms as





: ZAGT[q]→ ZAGT[1q ] = ZAGT[q] . (3.29)
5We thank Zohar Komargodski for discussions on this point, and on the specific scheme choice of
the instanton factor of the SQCD partition function given in eq. (3.22) of [70]
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3.4 Duality transformations of four-sphere partition functions
and B−coefficients in various schemes
Having understood the duality transformations of the four-sphere SQCD partition func-
tion ZAGT[q] as defined with AGT’s Euler-counterterm choice, we can now use relation-
ships to partition functions in other scheme choices, to find the duality transformations
of the S4 partition functions in those scheme choices.
As noted earlier in eq. (3.24), the relationship between S4 partition function for
superconformal G = 2, NF = 4 SQCD in AGT’s scheme, and the partition function
for the same theory in the Nekrasov-Pestun scheme6 (i.e. using the U(2) instanton
partition function without the U(1) factor removed), is
ZAGT[q] = |1− q|−4 Z Pestun−
Nekrasov
[q] , Z Pestun−
Nekrasov
[q] = |1− q|+4 ZAGT . (3.30)
It follows that the duality transformation is
















] = |q|−4 Z Pestun−
Nekrasov
[q] (3.31)
We can also use construction (3.8) starting either from ZAGT or Z Pestun−
Nekrasov
, to construct
the partition function in a duality-invariant scheme
Z(inv)[q] ≡
[∏




which of course transforms as





] = Z(inv)[q] (3.33)
We summarize the duality transformations of the sphere partition functions in various
Euler-counterterm schemes, in table 3.
Working out the factors on the RHS of (3.32), explicitly, we find the relationships
among all three scheme choices for the partition function which we have discussed so
far:
Z(inv)[q] = |q|− 23 |1− q|+ 43 ZAGT[q] = |q|−
2
3 |1− q|− 83 Z Pestun−
Nekrasov
[q] ,
ZAGT[q] = |1− q|−4 Z Pestun−
Nekrasov




Z(inv)[q] ZAGT[q] Z Pestun−
Nekrasov
[q]








Z(inv)[q] ZAGT[q] |q|−4 Z Pestun−
Nekrasov
[q]
Table 3: Duality transformations of the S4 partition functions, in various schemes









[q] 1 |1− q|−4 |q|− 23 |1− q|− 83
ZAGT[q] |1− q|+4 1 |q|−
2
3 |1− q|+ 43
Z(inv)[q] |q|+ 23 |1− q|+ 83 |q|+ 23 |1− q|− 43 1
Table 4: Ratios of S4 partition functions, in various schemes corresponding to different
Euler-counterterm choices. In a superconformally covariant scheme, the counterterm
is always holomorphic plus antiholomrphic in the complex gauge coupling, and so the




[q] = |1− q|+4 ZAGT[q] = |q|+
2
3 |1− q|+ 83 Z(inv)[q] , (3.34)
We summarize these relationships in table 4.
Together with the relations (3.4), eqs. (3.34) give the translations among the cor-
responding B−functions as computed from the corresponding partition functions via
the recipe of [70]:
exp{B(inv)[q]} = |q|− 23 |1− q|+ 43 exp{BAGT[q]} = |q|−
2
3 |1− q|− 83 exp{B Pestun−
Nekrasov
[q]} ,
exp{BAGT[q]} = |1− q|−4 exp{B Pestun−
Nekrasov
[q]} = |q|+ 23 |1− q|− 43 exp{B(inv)[q]} ,
exp{B Pestun−
Nekrasov
[q]} = |1− q|+4 exp{BAGT[q]} = |q|+
2
3 |1− q|+ 83 exp{B(inv)[q]} , (3.35)
or for the unexponentiated B−functions
B(inv) = BAGT − 23 log|q|+
4
3
















[q]} 1 |1− q|−4 |q|− 23 |1− q|− 83
exp{BAGT[q]} |1− q|+4 1 |q|−
2
3 |1− q|+ 43
exp{B(inv)[q]} |q|+ 23 |1− q|+ 83 |q|+ 23 |1− q|− 43 1
Table 5: Ratios of exponentiated B− functions, in various schemes corresponding to
different Euler-counterterm choices for the S4 partition function. The exponentiated
B−function transforms exactly the same way as the partition function itself under shift
of the Euler-density counterterm, so the ratios of the exponentiated B−functions are
exactly the same as the ratios of the corresponding S4 partition functions.
BAGT = B Pestun−
Nekrasov







= BAGT + 4 log|1− q| = B(inv) + 23 log|q|+
8
3
log|1− q| . (3.36)
These relationships are summarized in table 5.
The duality transformations of the exponentiated B−functions are then the same as
those of the corresponding partition functions:





: exp{BAGT[q]} → exp{BAGT[1q ]} = exp{BAGT[q]} .
q → 1− q : exp{B Pestun−
Nekrasov
[q]} → exp{B Pestun−
Nekrasov
[1− q]} = |q|
2









]} = |q|−4 exp{B Pestun−
Nekrasov
[q]}
q → 1− q : exp{B(inv)[q]} → exp{B(inv)[1− q]} = exp{B(inv)[q]} ,
q → 1
q
: exp{B(inv)[q]} → exp{B(inv)[1
q
]} = exp{B(inv)[q]} (3.37)
We summarize these transformations in table 6.
In the next section we shall use the relations (3.35),(3.36) and the transformations
(3.37) to completely determine the physically correct solution to the PDE (2.5) satis-
fied by the B−function in any specific scheme, up to an overall coupling-independent




exp{B(inv)[q]} exp{BAGT[q]} exp{B Pestun−
Nekrasov
[q]}




|1−q|2 exp{B Pestun−Nekrasov [q]}
q → 1
q
exp{B(inv)[q]} exp{BAGT[q]} |q|−4 exp{B Pestun−
Nekrasov
[q]}
Table 6: Duality transformations of the (exponentiated) B−coefficient, in various
schemes corresponding to different Euler-counterterm choices for the S4 partition func-
tion.
4 Explicit duality-covariant solution for the B−function
up to an overall coefficient C
In this section we will solve for PDE (2.5) for the B-function, using duality to find
the physically correct solution which will be uniquely determined up to an overall,
coupling-independent constant.
4.1 General solution to the PDE for the B−function
The PDE, which we recap here, is
∂∂̄(B − A) = 0 . (4.1)
This equation holds with respect to any choice of holomorphic coupling coordinate,
and for any choice of scheme for the Euler counterterm. Since any difference between
possible choices for those conventions changes B and A by additive holomorphic plus
antiholomorphic terms, and rescales the LHS overall, the validity of the equation is
unaffected by any change in those choices. The general solution is
exp{B} = H× exp{A} , (4.2)
where H is a positive definite, locally holomorphically factorized function of σ and σ̄
we have not yet determined.
Since A has a simple and manifestly duality-covariant form when expressed in terms
of the infrared coupling σ, we will work in terms of that complex coupling parameter,
on which the SL(2, ZZ) duality transformations act in the familiar way as fractional
linear transformations with integer coefficients:
σ → aσ+b
cσ+d
, a, b, c, d ∈ ZZ, ad− bc = 1 . (4.3)
In this coordinate frame, the expression for A ≡ A[σ] was proven in [5] to be given by
exp{A[σ]} = 116 [Im(σ)]2 , (4.4)
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which satisfies the Liouville equation (2.4) derived from the recursion relations at lead-
ing order in n.




where H is a positive definite, locally holomorphically factorized function of σ and σ̄.
4.2 Particular solutions for B in various Euler-counterterm
schemes
The choice of H depends on the scheme in which Z and B are defined, with duality
allowing us to narrow down the correct choice in any scheme up to an overall constant.
Using duality is simplest in the infrequently7-used but well-defined duality-invariant
scheme. If the B−function on the LHS is taken to be the B−function Binv defined in
the duality-invariant scheme, the RHS must be duality-invariant as well. The function
[Im(σ)] transforms under SL(2, ZZ) as a nonholomorphic modular form of weight (1, 1),
so we must choose H to be a locally holomorphically factorized, positive definite,
nonholomorphic modular form of weights (−2,−2).




η(σ + 1) = exp{πi
12
} η(σ) , η(− 1
σ
) = (−iσ)+ 12 η(σ) , (4.6)
and is nonvanishing everywhere in the upper half-plane, so |η(σ)| is a positive definite,





and its −8 power is a positive definite, locally holomorphically factorized nonholomor-
phic modular form of weight (−2,−2). By the uniqueness theorem C.5, such an object
satisfying a weak version of weak-coupling asymptotics (growing no faster than expo-
nentially with Im(σ) at infinity) is unique up to an overall constant factor. So we find
that the B−function B(inv) in the duality-invariant scheme, is given by
exp{B(inv)} = C
16 |η(σ)|8 [Im(σ)]2 , (4.7)
where C is a constant that we will compute in the following.
From the solution (4.7) and the scheme relations (3.35), we can immediately write








16 |η(σ)|8 [Im(σ)]2 .








16 |η(σ)|8 [Im(σ)]2 , (4.8)
where λ(σ) is the modular lambda function and we have used the relationship (2.6)
between the IR coupling σ and the UV coupling τ .
4.3 Expression for the scheme-independent combination B̃ and
its expansion at weak coupling
Finally, we can write down the fully duality-invariant and scheme-invariant combination
exp{B̃} :






















4.4 Weak-coupling expansion of B̃
Now we would like to expand the scheme-invariant quantity B̃ at weak coupling τ .
Since B̃ is expressed above in terms of the IR coupling σ, we must first give the
weak-coupling expansion of the nonholomorphic modular-invariant object 1|η(σ)|8 [Im(σ)]2
appearing in B̃, in terms of the UV coupling τ . We refer to the formulae from sec. B.1










































with different O( |q|
[Im[τ ]]2












Finally, the weak-coupling asymptotics of the partition function itself in the Pestun-
Nekrasov scheme (see e.g. eq. (3.23) of [70], also given in eq. (B.25) of sec. B.4 of our
Appendix) and the AGT scheme is also the same up to instanton corrections,
Z Pestun−
Nekrasov





























where we are defining
exp{b̃} ≡ (4π) 2− 103 C = 2− 43 πC . (4.17)
So, duality and the recursion relations have totally fixed the functional form of B̃
up to a single coupling-independent constant C:















with exp{b̃} = 2− 43 πC . (4.18)
5 Determination of the constant C by matching
with double-scaled perturbation theory at one
loop at strong coupling
5.1 The double-scaling limit versus the fixed-coupling, large-
charge limit
In order to fix this final constant C in the solution (5.26), we must use perturbation
theory as a boundary condition, as we did to determine an unfixed constant in the
expression for the A−function in [5]. For the unfixed constant in the B−coefficient, it





8In order to avoid a confusion of notations, in this section we shall always use λ to refer to
the double-scaled coupling constant and never to the modular lambda function. Also note that
the normalization convention used here for λ is the same as that of one of the two normalization
conventions used for λ in [2], which differs by a factor of (4π) from the other normalization convention
used for λ in [2], and differs by a factor of (4π)2 from the normalization convention used in [75]. See
sec. A.1 of our Appendix.
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We consider the solution for correlation functions in the double-scaling limit in which
n is taken to infinity while λ is held fixed. This solution was derived by Grassi,
Komargodski, and Tizzano. Their solution extends earlier work [75] that found the
double-scaling limit of the correlators to several orders in λ at small λ. Ref. [2] extended
this to all orders in λ using matrix model methods.
The double-scaling limit of [2,75] is an example of a more general strategy for study-
ing systems at large quantum number when there is an additional quantum loop-
suppressing parameter in the system. This sort of limit has also been studied in less-
and non-supersymmetric systems in double-scaling limits involving large N, and small
ε in 4− ε dimensions [31,42,45–50,83,84]. In all these cases the double-scaling regime
contains more complexity and more degrees of freedom than the fixed-coupling, large-
charge regime, as the non-Nambu-Goldstone degrees of freedom which are integrated
out in the fixed-coupling-large-charge limits, stay at finite mass in the double-scaling
limits.
Qualitatively, the two main features of the fixed-coupling large-charge limit are the
parametric accuracy of the saddle-point approximation at large charge, and the use
of effective field theory to eliminate the non-Nambu-Goldstone degrees of freedom;
the double-scaling limit is a conceptually interesting extension of the standard large-
charge picture in that it disaggregates those two ingredients, taking advantage of the
first without the loss of information involved in the second. In some qualitative sense
one expects the double-scaling limit to contain the fixed-coupling large-charge limit
as a sub- limit, in which the double-scaled coupling is taken strong and the non-NG
modes become infinitely heavy. This is not quite precise and indeed it is not generally
correct that the large λ limit of the double-scaling limit of a given quantity, is equal to
the fixed-τ, large-charge limit of the same quantity. However in some broader sense the
intuition is valid, and the information about the large-charge, fixed-coupling limit of
certain quantities is contained in the large-λ limit of the double-scaling limit of the same
quantities in a simple way. In this section we will exploit that relationship to calculate
the coefficient C which is essentially a threshold correction to the Euler density term
in the action, coming from integrating out the massive hypers and W-bosons.
In order to fix the final undetermined constant C of the preceding section, we will
need to show exactly how the double-scaled expression of [2] for the correlation function
is related to the massive macroscopic propagation contribution q
(mmp)
n to the log of the





5.2 The MMP factor of the partition function
Now we will go beyond the EFT approximation to Zn. Thought of in terms of virtual
particles, the EFT factor of Zn contains only diagrams with explicit contributions of
particles that are massless on the Coulomb branch. It also contains implicit contri-
butions of massive particles whose trajectories are microscopic, parametrically smaller
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than the infrared scale, so that their contributions can be absorbed into renormalized
couplings. So the leading contribution beyond the EFT factor should come from pro-
cesses containing at least one macroscopic worldline of a massive particle (a similar
qualitative behavior is observed in the large-N , large-charge double-scaling limit of the
Wilson–Fisher point [84]):





n is the EFT factor
Z
(EFT)
n = exp{nA+B} × Γ(2n+ 52) , (5.3)
and Z
(mmp)
n is a partition function exponentiating the sum over all connected configu-
rations containing at least one massive macroscopic worldline instanton. So
Z
(mmp)
n = exp{q(mmp)n } (5.4)
and q
(mmp)
n is the sum over all connected configurations containing at least one macro-
scopic trajectory of a massive particle.
Since we now have a closed form for the EFT factor, we can use eq. (5.5) as a







= exp{q(mmp)n } ,
q
(mmp)







It was observed in [4, 5] that the MMP contribution q
(mmp)
n has a well-defined double-
scaling limit in the sense of9 [2,75]. (Also in the same sense of the double-scaling limits
taken in several nonsupersymmetric examples recently [31,42,45–50,83])
The existence of a double-scaling limit for q
(mmp)
n was theoretically motivated from
its interpretation in terms of macroscopic massive propagation, with the action of a
massive particle propagating over a distance of order the infrared scale, being propor-
tional to λ+
1
2 . In section 6.4 we will make this argument more precise, giving a definite
physical prediction for the value of the worldline action.
The hypothesis of a well-defined double-scaling limit for q
(mmp)
n was borne out numeri-







9Although we caution the reader that the normalization of the double-scaling parameter in [75]
differs by powers of 4π from each of the two distinct normalizations given for the same parameter
in [2]. See sec. A.1 of the Appendix for a discussion of this lovely cornucopia of diverse normalization
conventions.
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n , in [5], from correlators computed with the
prescription of [70]. So based on theoretical arguments well-supported by numerical





n = (finite) ≡ F[0][λ] , (5.6)






−k F[k][λ] . (5.7)
The worldline-instanton interpretation tells us more than just the existence of a limit
F[0][λ]; it also tells us about the strong-coupling behavior of F[0][λ]. Since we expect
the large-λ behavior of F[0][λ] to be given by the macroscopic propagation of a particle
with mass proportional to λ+
1
2 , we expect that F[0][λ] must vanish exponentially with
λ+
1
2 in the limit n→∞, Im[τ ]→∞ with λ fixed.
The existence of the limit (5.6) is going to be useful to us for purposes of matching
with [2] to find the value of b̃, because on physical grounds we know precisely the be-
havior of F[0][λ] namely that log[F[0][λ]] should go as ∝ λ+
1
2 with a negative coefficient,
so that lim n→∞
λ fixed
qn = F[0][λ] is exponentially small at large λ.
5.3 Matching our F[0][λ] with the term F
(inst) in [2]’s ∆C1
Ref. [2] defines their double-scaling function, as [75] does, as a ratio between the full
correlator and the N = 4 correlator. In ref. [75] the authors defined an object F which
we shall superscript as10 the ”Oviedo quotient” F (Oviedo) (referred to as ∆G in [2] ) as
the ratio
F (Oviedo) ≡ G2n/GN=42n (5.8)


















Using the definitions (1.1), (3.5), and (5.8),
Z
(mmp)
n = exp{−nA−B} 1Γ(2n+ 5
2
)







In this section, we will always be defining correlators in the τ coordinate,
Z
(mmp)







[τ ] , (5.11)
10Because there are several objects denoted as ”F” in the various literature whose conventions we
compare in the present paper , we need to avoid ambiguity by specifying the one we mean.
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but we will leave the subscript [τ ] implicit.
What we need to do now, is establish that this quantity on the RHS has a double-
scaling limit in our approach. Since F (Oviedo)has a double-scaling limit, this is equivalent
to the quantity






having a double-scaling limit. The quantity P[n, τ ] should be thought of simply as the
factor translating the Oviedo ratio F (Oviedo) into the MMP function:
Z
(mmp)
n [τ ] = P[n, τ ]F (Oviedo)[n, τ ] (5.13)
We recall that the expression for the N = 4 correlators is
G
(N=4)
2n = [Im[τ ]]
−2n (2n+ 1)! = [Im[τ ]]−2n Γ(2n+ 2) (5.14)
We need to write the scalings of the various other objects at large n, large Im[τ ] and
fixed λ. And, in order to get things right, we are going to have to keep both leading and
subleading terms, because we want to check that the order n+1 terms in the double-
scaling limit cancel as they need to do, but we also want to keep track of the order n0
terms because these are the things we want to match with our F[0][λ].
In sec. B.2 of the Appendix, we work out the large-[Im(τ)], large-n limit of the
prefactor in eq. (5.13) with λ held fixed. In eq. (B.24) we find:
lim n→∞
λ fixed
P[n, τ ] = exp{−b̃}√
8πλ
exp{16 log(2)λ} . (5.15)
So then going back to eq. (5.13), and using the expression (5.15) for the double-
scaling limit of P[n, τ ] and the definition (5.9) of ref. [2]’s function ∆C
(ref. [2])
1 [λ] as the














n = −b̃− 12 log[8πλ] + 16 log(2)λ+ ∆C
(ref. [2])
1 (5.17)
At this point it is not at all obvious there is a consistent matching at all. We know
on physical grounds based on the WLI interpretation (which is strongly supported by
numerical data [4, 5]) that F[0][λ] goes to zero exponentially at strong coupling (large
λ). Certainly the first three terms on the RHS do not do that. So our only hope is
that those three would be canceled exactly by ∆C
(ref. [2])
1 , and then ∆C
(ref. [2])
1 would add
no other power law terms, or any terms larger than the size of the exponential of the
negative of the worldline instanton action. Indeed we will now see this is precisely the
case.
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In eq. 4.20 of [2], the expression for ∆C
(ref. [2])
1 is given. Defining γG to be the Glaisher
constant γG = 1.28243, they write
∆C
(ref. [2])
1 = 12 log[γG]− 1−
log(2)
3
− 16λ log[2] + 1
2
log[λ] + F (inst)[λ] (5.18)















log[8π] + 12 log[γG]− 1− log(2)3 + F
(inst)[λ] (5.19)
We know the LHS goes to zero exponentially at strong coupling, so total of the RHS
must too; also, the WLI piece F (inst)[λ] of [2]’s double scaling function goes to zero at
strong coupling as well. Fortunately, the log and linear terms which would have made
a consistent limit impossible, have canceled exactly, and in the strong coupling limit
we get the equalities:














Then using the definition of b̃, (4.18), which we recap here,


















so the full B̃−function (5.26) is given by

































For concrete expressions for Z Pestun−
Nekrasov
and ZAGT at weak coupling, see section B.4 of the
Appendix.
Combining (5.23) with (4.18) we have the explicit weak-cooupling expansion for
exp{B̃}. We have


























Also, the double-scaling limit (5.15) of the prefactor is
lim n→∞
λ fixed








5.4 Summary: The exact EFT factor Z(eft)
Building on previous results [3–5] we have now solved completely for the form of the








n ≡ 1ZS4 Z
(eft)
n = exp{nA[τ ] + B̃}Γ(2n+ 52) (5.31)
with


















• σ is the infrared coupling related to the UV coupling by q ≡ exp{2πiτ} = λ(σ)
and λ(σ) is the modular lambda function,
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• η(σ) is the Dedekind eta function,
• Z Pestun−
Nekrasov
is the S4 partition function as computed in Pestun’s [69] scheme for the
one-loop localization integrand, and using Nekrasov’s U(2) instanton partition
function [68]
• The constant C is





where γG is the Glaisher constant γG ' 1.2824271291, and
• The factor Z(mmp)n ≡ exp{q(mmp)n } is the macroscopic massive propagation contri-
bution, for which q
(mmp)
n is exponentially small in
√
n at fixed τ .
The first factor Z̃
(eft)
n sums up all diagrams of the massless Coulomb-branch EFT,
which for SQCD contains only a single U(1) vector multiplet with a free kinetic term
and a supersymmetrized Wess-Zumino term for the Weyl a−anomaly, and no other
F-terms [4].
At weak coupling, the behavior of B̃ is given by




















6 The macroscopic massive propagation function
Z(mmp)




We have now been able to write an exact expression for the EFT factor of the corre-
lation function in closed form, with all previously undetermined coefficients fixed. As
a side benefit of fixing the overall normalization of the EFT factor Z
(eft)
n relative to
















instanton term” F (inst)[λ] of ref. [2]: The latter is simply equal to the double-scaling
limit of the former. Having done this, in this section we will shift our focus to the
massive macroscopic propagation partition function Z
(mmp)
n itself.
This factor of the partition functions consists of a sum of all diagrams where each
diagram contains at least one macroscopic worldline of a massive particle, and its
logarithm q
(mmp)
n consists of a sum of connected diagrams of this type. As such, it
encodes a lot of interesting dynamical information about the underlying degrees of
freedom of the theory, unlike the more universal EFT factor. The dependence of this
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set of diagrams on n and τ is quite complex, and its many interesting limits and
behaviors are too intricate to explore in any reasonable detail in this paper. But in
this section we will briefly discuss some of its basic properties.
6.1.1 Non-perturbative definition of Z(mmp)
The most interesting property of the MMP partition function is that it is well-defined
nonperturbatively at all. In general, sums of infinite subclasses of Feynman diagrams
only have a priori definition as asymptotic series in some loop-suppressing parameter,
rather than as well-defined functions. In this case however, we are able to take eq.
(5.5) as a definition of Z
(mmp)
n at any given τ and n; that is,
Z
(mmp)




G2n[τ ] . (6.1)
As we have seen in sec. 5 (specifically eq. (5.20)), the Z
(mmp)
n described here also
has a fixed limit at large n and fixed λ, where it becomes equal to the exponential of





n [τ ] = exp{F (inst)[λ]} , (6.2)
with the other terms on the RHS of [2]’s eq. (4.20) canceled by factors in 24n Z̃
(eft)
n ,
the details of which we have seen in sec. 5.3.
6.1.2 S−duality invariance of Z(mmp)
The various objects F
(Oviedo)
n , (∆C)1 and F[0][λ] = F
(inst)[λ] are not S-duality invariant.
The second and third objects, (∆C)1 and F[0][λ], lack S-duality covariance because
they are double-scaled objects, and the double-scaling limit singles out a particular
weak-coupling direction in coupling space, breaking S-duality from the beginning in
the definition. The Oviedo quotient F
(Oviedo)
n is not itself a double-scaled object, but
it is a quotient of two objects that are separately duality-invariant, but only under
separate and incompatibly defined S-duality operations. That is, F
(Oviedo)
n is invari-







∈ SL(2, ZZ), nor under the
SQCD S−duality q → 1− q and q → 1
q
.
By contrast, the object Z
(mmp)
n is invariant under the S−duality transformations
q → 1− q and q → 1
q
acting on the UV coupling q ≡ exp{2πiτ}. Note that unlike the




n does not get any
nontrivial tensorial prefactor under the duality transformation; it is literally strictly
invariant under the entire duality group.
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6.1.3 Z(mmp) as a sum over diagrams with macroscopic massive worldlines
The function Z
(mmp)
n has a behavior consistent with an interpretation as literally a sum
of diagrams with massive particle trajectories propagating on the infrared scale. This
can be seen clearly either at fixed τ and large n or in the large λ limit of the fixed-λ func-
tion when n is taken to infinity first. In either case the function q
(mmp)
n ≡ log[Z(mmp)n ]
goes exponentially to zero, which it must do if interpreted as a literal sum of diagrams
with at least one macroscopic massive worldline in each. By contrast the logarithm of
F
(Oviedo)
n contains additional terms scaling as λ1, λ0, and log[λ], which are difficult to
interpret directly in terms of any specific dynamical field theory process.
6.2 Geometry and J−dependence of worldline instanton ef-
fects
Let us now discuss the macroscopic massive worldline interpretation of Z
(mmp)
n in the
large-n limit, either at fixed τ or in the closely related limit of infinite n and fixed λ with
a large-λ limit taken subsequently. Generally, the recent literature [31,42,45–50,83] on
large-charge double-scaling limits tends to show those two limits have essentially the
same behavior qualitatively. These behaviors are similar but a quantitative discussion
of the two limits will help us distinguish the subtle differences between them in a
concrete way.
By ”macroscopic” we simply mean that each connected diagram in the MMP con-
tribution contains at least one closed worldline of a massive particle, whose length is
of order the infrared scale set by the size of the sphere. Since the theory is conformal,
the effective mass m of any massive particles can only go as the expectation value of





At large n and fixed τ the particles are very heavy and their mechanical energy should
dominate over interaction energies with the massless degrees of freedom in the vector
multiplet. So at large n and fixed τ we expect the connected MMP path integral to be a
path integral for a single massive worldline of m on an infinite cylinder IR× S3 where
the sphere has radius R. We have chosen the cylinder conformal frame to describe
the path integral in, because that is the conformal frame in which the classical EFT
solution has constant magnitude |φ| for the vector multiplet scalar (see sec. 2.3 of [3]
for details of the classical solution) and therefore a space- and time-independent mass
for the particle.
The connected path integral for a free massive particle in a given background geom-
etry contains local terms coming from microscopic loops, and also macroscopic loops.
The former are contained in q
(EFT)
n and are absent from q
(mmp)
n , which contains only
macroscopic massive worldlines.
Since the mass of the particle goes as
√
n in units of the size of the sphere, the path
integral for the macroscopic contributions must be dominated by a saddle point, which
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in the free limit would be a closed geodesic of finite length. The only other possibility
would be contributions coming from the boundary of the sector of configuration space
defined by the cutoff on loop size; but these would be cutoff-dependent which would
be subtracted as nonconformal counterterms in the process of renormalization, leaving
only saddle point contributions to dominate the MMP path integral at large n and
fixed τ .
The only finite-length geodesics on the cylinder are great circles of an S3 section at
fixed Euclidean time coordinate tE. All geodesics have the same length 2πR and so we
would like to interpret the leading behavior of −log[q(mmp)n ] = −log[log[Z(mmp)n ]] as the
classical worldline instanton action m` = 2πmR.
To relate the mass of the lightest massive BPS particle to the correlation function,
define
W[n, τ ] ≡ −log[q(mmp)n ] = −log[log[Z(mmp)n ]] (6.3)
The quantity W[n,τ ]
2πR
plays the role of the effective mass of the lightest massive BPS
particle in the system in the background of a the Coulomb branch expectation value
created by the insertion the operators On and On. We express this quantity as a
function of n and of the coupling τ because we expect the mass to depend on both. The
dependence on n, because the mass of a particle in the CFT must be proportional to
the expectation value of the Coulomb branch field supported by the constant R-charge
density on the cylinder. The dependence on τ, because the mass formula for the BPS
states depends on the value of τ, in units of the vector multiplet scalar φunitnormalized
to have unit kinetic term, the magnitude of whose expectation value in the classical
solution controls the magnitude of the R-charge density.
Then we can inquire about the actual behavior of these functions in various limits.
Since the masses of the electrically charged hypers and W− bosons go as [Im(τ)]− 12
at weak coupling in units of the square root of the Coulomb-branch scalar with unit




will go as [Im(τ)]−
1
2 .
Let us now be slightly more quantitative about this.
6.3 Particle mass from BPS formula
First let us write the leading terms in the energies of the massless and massive degrees
of freedom with some care paid to the coefficients with a consistent set of normaliza-
tions. The key point for us is to match the normalization of the scalar field in the
vector multiplet as it appears in the BPS mass formula on the one hand, with the nor-
malization of the vector multiplet scalar field as it appears in the bulk kinetic term, as
the latter is relevant for the formula for the R-charge density in the classical solution.
In section A.2 of the Appendix we translate among various conventions in the liter-
ature for the vector multiplet scalar a. In the normalization specified in eq. (A.5) we
37
use, the kinetic term is
Lkin = Im[σ]4π |∂a|
2 . (6.4)






a ˙̄a− ā ȧ
]
(6.5)
so the R-charge density of a helical solution with frequency ω, is given by
ρ = + ω
2π
Im[σ] |a|2 (6.6)
where the R−charge density is normalized as we’ve been doing, so that the complex
vector multiplet scalar has R-charge J = ±1.
If the helical solution is homogeneous on a 3−sphere of radius R, the total U(1)
R-charge is J = Ω3R3 ω
2π
Im[σ] |a|2 The area of the unit three-sphere Ω3 = 2π2 and the
frequency is ω = 1
R
for a homogeneous helical solution for a conformally coupled free
scalar on an S3 spatial slice of radius R, so we have






With the normalization (6.4) for the vector multiplet scalar, the mass of the hyper-
multiplet in the fundamental representation of SU(2) is given by
mhyper = |a| . (6.8)
Using the BPS formula (A.9) for a fundamental hypermultiplet in the helical solution








6.4 Worldline instanton action
Therefore the leading approximation to q
(mmp)
n is given by the exponential of the neg-
ative of the classical worldline-instanton action,
q
(mmp)
n ∼ e−SWLI , (6.10)
where SWLI is the action of a massive hyper circumnavigating a great circle of the S
3
spatial slice – the only finite-length geodesic in the S3 × S1 conformal frame – is










We expect that the mass formula is exact as a function of the gauge coupling, though
the action can receive subleading contributions in n at fixed coupling, coming from the
effect of curvature terms and the gradient of the phase of the vector multiplet scalar a.
The point of this exercise was twofold: First, to check that the exponent of the
exponentially small correction in the large-λ-limit of [2]’s function ∆C1, is in fact given
by the worldline instanton action. Second, to illustrate the subtle difference between
the behavior of q
(mmp)
n [τ ] in the large-n limit at fixed λ ob the one hand, where it
becomes identical with [2]’s function F (inst)[λ], and the large-n limit at fixed n, where
the exponentially small correction should behave almost, but not quite, identically with
the large-λ behavior of [2]’s F (inst)[λ].
6.4.1 Worldline instanton action in the double-scaling limit
At large n and fixed λ, the coupling τ goes to zero, so we can use the weak-coupling





log[2] , σ ' 2τ + 4i
π
log[2] ,




log[2] , Im[σ] = 2 Im[τ ] + 4
π
log[2] , (6.12)
with the ' indicating the omission only of exponentially small corrections.






will be relevant; we will use the definitions (5.6) ,(6.3), which together give
lim n→∞
λ fixed
W[n, τ ] = −logF[0][λ] (6.13)


















So taking the large-n limit at fixed λ first, and then taking the large λ limit, we expect













= +4π . (6.16)
We can verify this prediction easily by using the equality derived earlier, between
our F[0][λ] on the one hand, and ref. [2]’s F
(inst)[λ] on the other hand. The latter has





= −4πλ+ 12 +O(log[λ]) , (6.17)
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in agreement with the prediction (6.16). This value is also in agreement with the value
inferred in [4] from numerical fitting of the exponent of the MMP factor in the double
scaling limit.
This confirms our physical expectation for the worldline instanton action SWLI con-
trolling the large-λ limit of the large-n limit of the macroscopic massive propagation
function. Taking the large-n double-scalimg limit first, the distinction between σ and
2τ is washed out and the N = 2 threshold correction 2
π
log(2) to the relationship be-
tween σ and τ , is irrelevant, along with the gauge instanton corrections.
6.4.2 Worldline instanton action in the fixed-coupling, large-J limit
Next consider the behavior of W[n, τ ] again, now at large n and fixed τ . Here, we have
no exact formula, but we can predict on physical grounds that the large n behavior of
W[n, τ ] at fixed τ should be dominated by the worldline of the lightest BPS dyon; in
some range of τ with given by 2πR times the mass of the lightest BPS dyon for any










The quantity ne + σnm transforms as a holomorphic modular form of weight −1 un-
der SL(2, ZZ) so |ne + σnm|2 transforms as a nonholomorphic modular form of weights
(−1,−1) as does Im[σ], so the RHS of (6.18) is SL(2, ZZ)−invariant. The expression is
also continuous, but not smooth; its first derivative is discontinuous at the locus where
two distinct electromagnetic types of BPS dyons (ne, nm) are degenerate in mass.
6.4.3 Summary: The worldline instanton action
So to summarize, we see that the fixed-coupling, large-J limit of the massive macro-
scopic propagation function has at least three related differences from the double-
scaling limit, even at strong double-scaled coupling where they are most similar:
• The fixed-coupling, large-n limit is S−duality invariant whereas the double-
scaling limit is not;
• The fixed-coupling, large-n limit has continuous but non-smooth transitions in
the coefficient of its leading term as a function of the coupling; and
• Even at weak coupling, the formula for the exponent of the exponentially small
correction contains specific subleading terms, starting with the N = 2 threshold
correction, which have no analog in the exponent of [2]’s exponentially small
worldline instanton contribution F (inst)[λ] to the one-loop double-scaling function
∆C1[λ].
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The strong-coupling limit of the double-scaling limit of W[n, τ ] ≡ log[q(mmp)n ] matches
the value of the worldline instanton action as predicted from effective field theory,
lim n→∞
λ fixed















As for the fixed-τ , large-n limit, we currently do not know any exact expression for
q
(mmp)
n in this limit; it would be interesting to see if the features discussed here could be
visible either numerically in the data of correlation functions computed from localiza-
tion data by the prescription in [70] or else through an improved analytic understanding
of the extremal correlators.
7 Numerical comparison
As we have stressed above, the correlation functions that we have studied can be
computed numerically using the construction of [70] and our predictions of large-n
behavior compared to the exact numerical result as it had already been done in [4, 5].
In figure 1 we show the value of qn(τ) both as function of τ at fixed values of n and
as function of n for fixed values of τ . In both cases the agreement is quite remarkable,
and we need to zoom on small values of n (under n = 5) in order to see any discrepancy
at all.
More quantitatively, at n = 1, τ = 2 the relative error in the estimate of q1(2) is of
the order of one part on one hundred or better, and at n = 30, τ = 2 the relative error
for q30(2) is of the order of one part in ten millions (!), before taking into account any
non-perturbative correction. We find it quite remarkable that the agreement between
the exact numerical results and the semiclassical approximation remains very good
even for small number n = O(1) of particles. This seems to go against the common
lore that a quatum system can be effectively approximated semiclassically only for
a very large number of particles.11 The complete EFT expression q
(EFT)
n represents
the maximum accuracy achievable for the large-charge correlation function without
additional data from the underlying CFT. However with only the additional input
of the mass of the lightest BPS particle as a function of the coupling τ, one may
[86] give a further asymptotic series for the exponentially small correction itself with
the expression (6.10),(6.11) as the leading approximation. This ”hyperasymptotic” or
”transseries” correction to the EFT estimate, similar in spirit to the recent results [84]
in the Wilson–Fisher critical O(2N) models, further improves upon the accuracy of
the EFT estimate by several orders of magnitude.
11For example, a mesoscopic system where the semiclassical approximation is in line with the ex-
perimental results is a quantum dot made of 105 particles [85].
41


































(a) q as function of Im(τ) at fixed n.

































(b) q as function of n at fixed Im(τ).
Figure 1: Comparison with localization. Values of q
(EFT)
n (τ) from the prediction of
Eq. (1.2) (continuous lines) and numerical estimates from localization (dots) at fixed
values of n (a) and fixed values of Im(τ). We need to zoom into the small-n region in
order to have a visible discrepancy.
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8 Conclusions
8.1 Concise and self-contained summary of the results
In the present paper we have completed the solution of the universal EFT factor Z
(eft)
n
of the correlation function of Coulomb-branch chiral primary operators in superconfor-
mal SQCD with G = SU(2) and Nf = 4 massless hypermultiplets in the fundamental
representation. Building on previous results [3–5] at large J and fixed gauge coupling,
and also using the strong-coupling limit of the exact formula [2] for the double-scaling
limit [75] of the correlator to match an otherwise-undetermined constant, we have fully
solved for the two coupling dependent functions A and B in the expansion EFT factor
of the correlator. We now give a concise and self-contained statement of the result.
The correlation function is





















Here the unsubscripted O is the generator of the Coulomb branch chiral ring with any
normalization at all, and O[τ ] is the generator normalized so that
〈O[τ ](x)O[τ̄ ](y)〉 = 16|x−y|4 ∂τ∂τ̄ log[ZS4 ] (8.5)
The coupling σ is the SL(2, ZZ)-covariant ”infrared coupling” σ, which transforms under
SL(2, ZZ) as σ 7→ aσ+b
cσ+d
where a, b, c, d are integers satisfying ad− bc = 1. The coupling
τ can be taken to be the ”ultraviolet coupling” related to σ by e2πiτ = λ(σ) where λ(σ)
is the modular lambda function, but the formulae above are fully covariant with respect
to choice of holomorphic coupling constant τ . The coupling-dependent coefficient B̃,
whose determination was the main calculation of this paper, is given by
















where λ(σ) is the modular lambda function, η(σ) is the Dedekind eta function, and
γG is the Glaisher constant γG ' 1.2824271291. The last factor is the reciprocal of the
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partition function Z Pestun−
Nekrasov
as computed in the Pestun-Nekrasov scheme, by which we
mean as computed by localization with a localization integrand using Pestun’s one-
loop determinant [69] and Nekrasov’s U(2) (as opposed to SU(2) as in [1]) instanton
factor [68]. The detail of the S4 partition function of N = 2, G = SU(2), Nf = 4 SQCD
and its application to the computation of Coulomb-branch correlators, is given in [70];
its weak-coupling expansion is given there and also reviewed in sec. B.4 of the Appendix
here.
8.2 Other results and conclusions
In addition to deriving the result (8.1)-(8.6), we have also:
• Used S-duality-invariance together with appropriate covariance of theB−function
under scheme changes, to determine it fully up to a single, coupling-independent
coefficient;
• Determined the remaining coefficient scaling the EFT factor out of the corre-
lator and matching the large-J limit of the remaining factor Z(mmp)n with the
exponential of [2]’s function F (inst).
• Discussed the physics of Z(mmp)n which describes macroscopic propagation of mas-
sive BPS particles, and used this physical picture to predict precise behaviors of
Z
(mmp)
n in the large-n, fixed-coupling limit, including a Stokes phenomenon of
BPS dyon dominance exchange as the coupling is varied.
• Compared our predictions, both for the EFT factor and the massive macro-
scopic propagation factor of the correlators, with numerical results for the same
correlators using supersymmetric localization, finding agreement with the EFT
prediction for both factors to one part in ten million or smaller.
We have hope that the results presented here will stimulate further study of precision
correlators at large R-charge. More generally we would wish this paper to foster an
improved appreciation and wider application of the unreasonable effectiveness of the
large quantum number expansion.
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A Appendix: Conventions
A.1 Conventions for normalizations of the double-scaling pa-
rameter
Here are the various normalizations of λ. So far in the literature on double-scaling at
large charge in N = 2 superconformal QCD, there are already three distinct conven-
tions, two of them introduced by ref. [2] in the same paper, both of which differ from
the convention of ref. [75].
• λref. [75] = g2n; this normalization is even given in the abstract of ref. [75]. Now,
Im[τ ] = 4π
g2







• In ref. [2], as the authors explicitly note, there are two different normalizations
for their λ, a different one in the first half of their paper than the one in the
second half of their paper. See the comment about this near their eq. (4.1). For
the convention in the earlier part of the paper, ref. [2] writes (in their eq. (1.2))
λref. [2], earlier part of paper =
g2YM
4π








• Then, in the later part of their paper, in eq. (4.1) they write




• Our own convention is that of the later part of ref. [2]




The relations among the various normalizations of the coupling appearing in the
recent literature, are summarized in table 7.
A.2 Conventions for the normalization of the two-derivative
effective action of the U(1) vector multiplet
A.2.1 The effective kinetic term
In order to compute the action of the worldline instanton of the massive BPS hy-




λ ≡ λ this
paper




λ ≡ λthis paper 1 (4π)+2 (4π)+1 1
λref. [75] (4π)
−2 1 (4π)−1 (4π)−2
λearlier part of ref. [2] (4π)
−1 (4π)+1 1 (4π)−1
λlater part of ref. [2] 1 (4π)
+2 (4π)+1 1
Table 7: Relationships among different conventions for the normalization of the double-
scaled coupling λ, one of which was introduced in [75] and the second and third of which
were both introduced in [2].
normalization of the two-derivative effective action for the scalar field a in the U(1)
vector multiplet. At the moment we are only going to compute the leading large-J
action for the worldline instanton, either at fixed gauge coupling or fixed double-scaled
coupling, and so we do not need higher derivative terms coming from the Wess-Zumino
term, which affect the result only at subleading order in J .
In the present paper we will use a commonly used normalization convention for the
scalar a in the vector multiplet, matching the normalization convention of [69], and
also used in the detailed review [87] of N = 2 supersymmetric gauge theory in D = 4.
In this normalization the effective kinetic term is written in terms of the effective
holomorphic prepotential F = 1
2
σ a2 or the effective Kähler potential on field space,











K,aā |∂a|2 = Im[σ]4π |∂a|
2 . (A.5)
The kinetic term (A.5) should be interpreted as a Wilsonian effective kinetic term for
the U(1) Abelian vector multiplet of the unbroken gauge group on the vacuum manifold,
and σ is the complexified Abelian gauge coupling that transforms as σ → aσ+b
cσ+d
under
the SL(2, ZZ) S-duality. If expressed in terms of the UV coupling τ, which is related












K,aā |∂a|2 = Im[τ ]2π |∂a|
2 +O((Im[τ ])0) . (A.6)








and we will use them to compute the canonical expression for the R-current density.
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A.2.2 The central charge and hypermultiplet mass
In terms of the normalization choice (A.5) for the vector multiplet scalar, the relation-
ship between the vector multiplet scalar a and the central charge Z appearing in the
BPS mass formula, is
m = |Z| , Z = (ne + σ nm) a , (A.8)
In this convention the effective Abelian electric charge of the hypermultiplet in the
fundamental representation is ne = ±1 and so the hypermultiplet mass is
mhyper = |a| . (A.9)
A.2.3 Relation to normalizations in the older literature
Note that we are giving our formulae with the modern normalizations of the central
charge Z and vector multiplet a. There are differences by a power of
√
2 between the




2|Zold| , Zold = (ne + nmσ) aold , Lkin = 12π Im[σ] |∂aold|
2 . (A.10)










ahere , ahere =
√
2 aold . (A.11)
This is just a redefinition of variables and does not affect any relationships among
physical quantities such as masses and R-charges.
A.2.4 The microscopic Lagrangian and its vacuum modulus
Now let us give the convention for the tree-level microscopic action and describe how the
vacuum modulus is related to the nonabelian vector multiplet at weak coupling. In the












F̂ 2µν + (∇µÂ)(∇µÂ†) + 14 [Â, Â
†]2
]
+|∇µφ|2 + 12 φ
†(Â†Â+ ÂÂ†)φ
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+(θ − term) + (fermions) (A.12)
The gauge field and the scalar Â are traceless 2× 2 matrix-valued fields, with the gauge
connection being antihermitean and the scalar being complex. The trace is taken in
the fundamental representation. The complex modulus a is embedded in the vacuum
solution space of the field Â as












The complex UV coupling is














agreeing at leading order in the weak coupling expansion with the Wilsonian effective
kinetic term (A.6), (A.5), as expected.
A.3 Normalization of the U(1) R-charge
We also note that this present paper (and earlier work [3–5] on the same subject) use
a different convention for normalizing the U(1) R-charge in an N = 2 superconformal
theory than the one commonly used elsewhere. In the commonly used convention the
supercharges have R-charge ∓1 and the scalar component of a free vector multiplet
has R-charge ±2. In our own convention the supercharges have U(1) R-charge ±1
2
and
the R-charge of the scalar component of a free vector multiplet has R-charge ±1. The
translation between our normalization convention for the R-charge and the one used
almost universally elsewhere is
[U(1) R− charge]here, [3–5] = 12 [U(1) R− charge] everywhereelse ,
[U(1) R− charge] everywhere
else
= 2 [U(1) R− charge]here, [3–5] . (A.17)
Now we we will use the normalization (A.7) of the conjugate momenta to the a−field,
to compute the canonical expression for the R-current density. In our normalization
the R-charge, the total R-charge Ĵ , commutes with the vector multiplet scalar as
[Ĵ , a] = +1× a , [Ĵ , ā] = −1× ā , (A.18)













A.4 Conventions and notations for the normalizations of cor-
relation functions
In the literature there are several similar but slightly different notations for differently-
normalized correlation functions of Coulomb-branch chiral primaries of N = 2 theories
in D = 4. In some cases the same notation is used differently in different papers, to
indicate correlators with different normalizations. Here we will give a summary of the
main conventions and notations that are relevant to the computation of correlators
here and in the literature we have referred to.
A.4.1 The notation correlators G2n, the Kähler potential K, and the Zamolod-
chikov metric gτ τ̄
The two-point functions as normalized in [70]
Here, the Zamolodchikov metric is defined by eq. (1.8),
gij̄ = |x− y|2D 〈Oi(x)Oj̄(y)〉 (A.20)
which in four dimensions means
gij̄ = |x− y|8 〈Oi(x)Oj̄(y)〉 (A.21)
The capital-Gmetric defined in (1.19) is ”the Hermitean metric on the vector bundle”
and is proportional to, but does not have the same normalization as, the Zamolodchikov
metric:
〈OI(x)ŌJ̄(y)〉 = |x− y|−2∆I GIJ̄ (A.22)
We also have the formula, from their (3.3):





and then they have the formula





The best way to define the normalization of the Zamolodchikov metric – in any given
convention – is to do it in a way that is completely independent of the normalization
with which the operators enter the Lagrangian. In [70] we have (in four dimensions
specifically)
gτ iτ̄ j = 2









Then the way ref. [70] is normalizing the marginal operator Ci entering the action









so from this we infer
gij̄ = |x− y|8 〈Ci(x)Cj̄(y)〉 . (A.27)
This implies another relationship among normalizations: Comparing our equation





The relationship between the Kähler potential and the correlators (as normalized
by [70]) is known from [70] ’s eq. (3.4) which reads







As the authors of [70] note in their footnote (16), the normalization in eq. (1.4) of [70]
should be ignored for purposes of reading [70], as refers to a normalization from the
previous papers [77] and [78]. The operational definition of the relationship of the
Kähler potential to the log of the partition function in [70], is actually (A.30).
From (1.5) and (3.4) we have
|x− y|4〈O[τ ](x)O[τ̄ ](y)〉 = G2 = 16 ∂τ ∂̄τ̄ log[Z] (A.31)
and the equality between the first term and the last is consistent (setting r → 1 anyway)
with our result (A.41) for the Weyl transformation between the computation of two-
point functions in the IR4 and S4 conformal frames, for operators with ∆ = 2. Then
we can rewrite this as
∂τ ∂̄τ̄ log[Z] =
1
16
|x− y|4〈O[τ ](x)O[τ̄ ](y)〉 = 116 G2 (A.32)
Then the higher G2n can only be normalized as the correlators of higher powers of
the same operator insertions, with higher powers of the same normalization factors,
G2n = |x− y|4n〈[O[τ ](x)]n[O[τ̄ ](y)]n〉 (A.33)
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Next we explain how these relate to the normalization of the Zamolodchikov metric
gIJ̄ and the (differently normalized as we shall see) capital G metric GIJ̄. Ref. [70] is
consistent about its normalization (A.30) of the Kähler potential outside of their (1.4)
(see their footnote (16) – they say (A.30) is correct, and that their own eq. (1.4) was











= 3× 212 ∂τI ∂̄τ̄J log[Z]
= 3× 212 〈OτI (N)Oτ̄J (S)〉S4 = 3× 28 |x− y|4〈OτI (x)Oτ̄J (y)〉 = 3× 28G2 (A.35)
with the subscripts IJ̄ implicit in the last one, G2.
That equation fixes the relationship of the normalizations of all the correlators to K
and to the normalization of the Zamolodchikov metric gIJ̄ . Next we fix the normaliza-
tion of the capital-G metric GIJ̄, the one defined by two-point functions of the chiral
primaries as opposed to the two-point functions of the marginal operators.
Then in (1.19) of [70] we have
GIJ̄ = G2 IJ̄ = |x− y|4 〈OI(x)OJ(y)〉








We can also relate these to the two-point functions of the marginals OI and CI (which
are just the same up to a phase, see eq. (A.28)) using (A.21),(A.27) and we have
GIJ̄ = G2 IJ̄ = |x− y|4 〈OI(x)OJ(y)〉









8 〈Ci(x)Cj̄(y)〉 = 13×28 |x− y|
8 〈Oi(x)Oj̄(y)〉 (A.37)
So if we wish to ignore all other objects and just compare two-point functions directly,
|x− y|4 〈OI(x)OJ(y)〉 = 13×28 |x− y|
8 〈Ci(x)Cj̄(y)〉 = 13×28 |x− y|
8 〈Oi(x)Oj̄(y)〉 (A.38)
The coefficients of proportionality among the various two-point functions are summa-












∂τ∂τ̄ log[Z] 16 1 3× 2+12
gττ̄=〈CC〉
=〈OO〉 3
−1 × 2−8 3−1 × 2−12 1
Table 8: Relationships among normalizations of two-point functions in ref. [70]. In
this table, the notation 〈[operator]1 [operator]2〉 denotes the correlator
|x− y|2∆operators 〈[operator]1(x) [operator]2(y)〉. The caligraphic O are BPS scalar chiral
primary operators of dimension 2 and the C and noncaligraphic O are the complex
marginal operators in the same N = 2 superconformal supermultiplet, with vanishing
R−charge and dimension 4.
A.4.2 Relationship of IRD two-point functions with SD two-point functions
In everything above, we have given normalizations for two-point functions on flat space
rather than on the sphere. The relationship between two-point functions on flat space























This has nothing to do with the normalization of the operators themselves; it just
follows from the application of the conformal transformation to the correlator, using
the standard metric on the round SD of radius R as described in Euclidean coordinates








































A.4.3 Summary of various normalizations of the Kähler potential on N = 2
superconformal theory space
The Kähler potential and Zamolodchikov metric are normalized differently in most
of [70] than in [77,78] and in equation (1.4) of [70]; here we are using the normalization
for K that appears in [77, 78], and also in eq. (1.4) of [70]. It is related to the





∣∣∣∣ refs. [77, 78] and
eq. (1.4) of [70]
= 2−10K
∣∣∣∣ ref. [70], except
for their eq. (1.4)
= 12 log[ZS4 ] .(A.45)
See footnote 16 of [70].
A.4.4 The unnormalized partition function with insertions, Zn and its con-
nected version qn







eqn = 2−4n ZS4 G2n . (A.46)
where (from our inferred definition of G2n in [70])
G2n = |x− y|4n〈[O[τ ](x)]n[O[τ̄ ](y)]n〉 (A.47)
So technically speaking,
eqn = [ 1
16
|x− y|4]n × [partition function with additional source action Ssource]
Ssource ≡ −n log[O(x)]− n log[O(y)] (A.48)
Then we can further decompose these as




n = exp{q(EFT)n + q(mmp)n } . (A.49)
A.4.5 The Oviedo quotient F (Oviedo)
The ”Oviedo quotient” of ref. [75] is something the authors of ref. [75] do not even
give a name to other than an unqualified ”F”. This ratio is of central importance in
ref. [75] but many other objects in the adjacent literature including the present paper
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are denoted by ”F” with various subscripts and superscripts, so we give the ratio ”F”
of ref. [75] a name,




defined in their (2.22). They also define
F
(Oviedo)
∞ [λ] ≡ lim n→∞
λ fixed
F (Oviedo)[n, g] (A.51)
and







A.4.6 The ∆C1 function




= F (Oviedo) (A.53)
Then they define
C ≡ log[G] =
∑
k≥0 n
1−k Ck[λ] , (A.54)














log[λ] + log[2π] , (A.56)
and the additional contributions ∆C for the case of SQCD, start at order n0 in the
double-scaling limit:
∆C0 = 0
∆C1 = F (Oviedo)[λ] . (A.57)
and the main object of study of ref. [2]’s matrix model is ∆C1.
12These values are quoted from page 29 of [2], below their eq. (4.9).
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A.4.7 Ref. [2]’s worldline-instantont function F (inst)
The function F (inst) in ref. [2] is defined as related to their ∆C1 by [2]’s eq. (4.20):
∆C1 = 12 log[γG]− 1− 13 log[2]− 16λ log[2] +
1
2
log[λ] + F (inst)[λ] . (A.58)
In terms of our own MMP function, the worldline-instanton function of [2] is exactly
the double-scaling limit of the MMP piece of qn, given in our eq. (5.20) and recapped
here:










B Appendix: Weak-coupling expansions
B.1 Weak-coupling expansion of the relationship between the
UV coupling τ and the IR coupling σ
Using q ≡ e2πiτ = λ(σ)between σ and the UV coupling τ . and defining
y = eπiσ (B.1)
we can expand the modular lambda function λ(σ) at large Im(σ), giving
λ(σ) ' 16y − 128y2 + 704y3 − 3072y4 + 11488y5 + . . . (B.2)








4 y − 6 y2 + 16
3
y3 − 3 y4 + 24
5



















































B.2 Weak-coupling expansion of some modular forms as func-
tions of τ




y = exp{πiσ} = 1
16
q , (B.6)

















12 ) . (B.8)






|η(σ)| = 2− 13 |q|+ 112 +O(|q|+ 2512 ) , (B.9)




), has the weak-coupling expan-
sion. Specifically for p = −8we have
|η(σ)|−8 = 2+ 83 |q|− 23 +O(|q|+ 43 ) . (B.10)
which is a nonholomorphic modular form of weight (−2,−2). Next, using (B.5) we
expand the imaginary part of σ, which is a nonholomorphic modular form of weights
(−1,−1):
Im[σ] = 2 Im[τ ] + 4
π
log[2] +O(|q|) , (B.11)
and its pth power is a nonholomorphic modular form of weights (−p,−p), with the
weak-coupling expansion
[Im(σ)]p = 2p [Im(τ) + 2
π
log[2]]p +O(|q| [Im(τ)]p−1) , (B.12)










which is a modular form of weight (+2,+2).
Finally we combine (B.10) with (B.13) to get the modular-invariant combination
1
















B.3 Some weak-coupling/large-n expansions at fixed double-
scaling parameter λ = n4π Im[τ ]
Now we also would like to expand some quantities at weak-coupling simultaneously
taking large n = J /2 while holding fixed the13 double-scaling parameter λ = n
4π Im[τ ]
.
Specifically we want to expand the prefactor in eq. (5.13).
First, use





exp{−nA[τ ]} ' 24n [lm(τ) + 2π log[2]]
+2n (B.16)
so

























































































13In this paper we will always be using this definition λ = n4π Im[τ ] , which agrees with the normal-
ization of λ as defined in the second half of [2] and differs by a factor of (4π) from the normalization
of λ as defined in the first half of [2], and by a factor of (4π)2 from the the normalization of λ as























Now, we know from eq. (4.18) that
exp{B̃} ' exp{b̃} [Im[τ ]]− 12 , (B.18)
for some coupling-independent constant exp{b̃} that we do not know how to calculate
ab initio.
So it seems we have



















Now use the expression λ = n
4π Im[τ ]

















} = exp{16 log(2)λ} ,(B.21)
and
P[n, τ ] ' exp{−b̃}√
8πλ
exp{16 log(2)λ} (B.22)
where b̃ is a scheme-independent constant we have so far determined only numerically
and the omitted terms are of order n−1 at fixed λ. So we can write
P[n, τ ] = exp{−b̃}√
8πλ




P[n, τ ] = exp{−b̃}√
8πλ
exp{16 log(2)λ} . (B.24)
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B.4 Weak-coupling expansion of the sphere partition function
Here we give the weak-coupling expansions of the S4 partition functions for SQCD
as computed in the Pestun-Nekrasov scheme and AGT scheme for the Euler-density
counterterm, which in the paper we have denoted Z Pestun−
Nekrasov
and ZAGT respectively.














+(gauge instantons) , (B.25)
From eqs. (3.9), (4.4)-(4.7) of ref. [1] we have
ZAGT = |1− q|−4 Z Pestun−
Nekrasov
, (B.26)
where we have used the values m0 = m1 = 1, Q = 2 for the parameters m0,1, Q, which
correspond to conformal SQCD on the round S4.
C Appendix: Modular forms and their anharmonic-
group counterparts
C.1 Modular tensor calculus and the η−function as a com-
pensator
So as we all know, a holomorphic modular form of weight k is a function F (σ) of σ
satisfying the functional equation
F (σ′) = (cσ + d)k F (σ) , (C.1)
for σ′ ≡ aσ+b
cσ+d
for integers a, b, c, d ∈ ZZ satisfying ad− bc = 1. The modular group is
generated by the elements T : σ 7→ σ + 1 and S : σ → − 1
σ
, so we can specify the mod-
ular transformation properties of any object by how it transforms under S and T . So
a holomorphic modular form Ωk of weight k transforms as
σ → σ + 1 : Ωk → Ωk ,
σ → − 1
σ
: Ωk → σk Ωk . (C.2)
The transformation property of a holomorphic modular form is defined so that the
holomorphic derivative with respect to σ transforms as a modular form of weight +2:
σ → σ + 1 : ∂σ → ∂σ ,
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σ → − 1
σ
: ∂σ → σ2 ∂σ . (C.3)
The η−function doesn’t transform quite as a modular form, but as almost a modular
form of weight +1
2
, except some extra phases,
η(σ + 1) = exp{πi
12
} η(σ) , η(− 1
σ
) = (−iσ)+ 12 η(σ) . (C.4)
The fact that the additional factors are pure phases, means that |η(σ)| transforms




) and the fact that the phases
lie in π
12
ZZ means that η24(σ) transforms as a modular form of weight (+12, 0). This
means that |η(σ)| and η24(σ) can play the role of nonholomorphic and holomorphic
”compensators” for nontrivial modular transformation laws.
C.2 Anharmonic tensor calculus
C.2.1 Transformation of τ−derivatives under the anharmonic group
Under the generators of the modular group, the holomorphic coordinates q ≡ e2πiτ = λ(σ)
transforms according to (2.12), which we recap here:
S : q → 1− q , T : q → q
q−1 . (C.5)





under the anharmonic group. First consider the transformation under q → 1− q, which
is
q → 1− q , ∂τ → 1−qq ∂τ . (C.7)





, τ → −τ . (C.8)
C.2.2 Tensor calculus of the anharmonic group
The correlation function G2 = |x− y|4〈O[τ ](x)O[τ̄ ](y)〉 transforms as the product of a
τ derivative and a τ̄ derivative:





, G2 → G2 , (C.9)
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and, since exp{A[τ ]} transforms the same way as G2, so





, exp{A[τ ]} → exp{A[τ ]} , (C.10)
So in general we will say that an ”anharmonic form” φ(w,w̃) of ”anharmonic weights”
(w, w̃) is any object that transforms as










, φ(w,w̃) → (−1)(w−w̃)/2 φ(w,w̃) . (C.11)
The phases are unambiguous so long as w − w̃ is an even integer, which is always the
case we shall consider. In particular for w = w̃ we have






, φ(w,w) → φ(w,w) . (C.12)
The derivative ∂τ transforms as an anharmonic form of weights (2, 0) and ∂τ̄ trans-
forms as an anharmonic form of weight (0, 2) and the laplacian ∂τ∂τ̄ transforms as an
anharmonic form of weight (2, 2).
C.2.3 The anharmonic compensator a26(q)
So just as η24(σ) is a modular form of weights (+12, 0) whose −k power can take a
modular form of weights (12k, 0) to a modular invariant function whose logarithm has




) whose −4k power
can take a modular form of equal weights (k, k) to a modular invariant function whose
logarithm has the same laplacian, we can try to construct holomorphic and nonchiral
compensators playing the same role for anharmonic forms.
Start with the quantity
a6(q) ≡ q(1−q)2 . (C.13)
Under anharmonic transformations we have








, a6 → +a6 . (C.14)
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The q → 1− q transformation is that of an anharmonic form of weight +6, but the
q → +1
q
transformation is not: An anharmonic form of weight w equal to 2 mod 4
would transform under q → +1
q
with a − sign rather than a + sign; in order to find an
object with a covariant transformation law, we can simply square a6 and we find that
a26 does indeed transform as an anharmonic form of weight +12.
So we can shift the weights of any holomorphic anharmonic form by any integer
multiple of 12, by multiplying it by a26, just as we could shift the weights of any
holomorphic modular form by an integer multiple of 12, by multiplying it by a power
of η24(σ).
We can also shift the anharmonic weights by any amount that is the same for both
the holomorphic and antiholomorphic transformations. If φ(w,w̃) is an anharmonic form
of weights (w, w̃) then
φ(w+`,w̃+`) ≡ |a6|`/6 φ(w,w̃) =
∣∣ q
(1−q)2
∣∣ `6 φ(w,w̃) (C.15)
is an anharmonic form of weights (w + `, w̃ + `) for any real ` (or any complex ` for
that matter).
C.3 Bridge between anharmonic and modular tensor calculi














transforms as a modular
form of weight (2, 0) times an anharmonic form of weight (−2, 0). So B is a bridge
between modular forms and anharmonic forms. In particular, if φ(w,w̃) is an anharmonic




transforms as a modular form of weight (w, w̃) with no additional transformation.




transforms as an anharmonic form of weight (w, w̃) with no additional transformation.
C.4 An identity on the derivative of the modular lambda func-
tion
From a bridge and a compensator of each kind, we can construct the invariant combi-
nation
ρ ≡ a−26 B−6 η24 (C.18)
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which would seem to transform trivially under all modular and/or anharmonic trans-
formations. That is, it is completely invariant under the modular group. ρ is invariant
under σ → σ + 1 and under σ → − 1
σ
which means it is invariant under the full modular
group SL(2, ZZ). It is also single-valued, nonsingular, and holomorphic. Since it is also
modular invariant, that means it must be an entire function of the klein J-invariant
which we are calling κ. Specifically, by checking weak coupling asymptotics we can see
it asymptotes to +1
4
at infinity. So by Liouville’s theorem in the k−plane (where k is




ρ = a−26 × B−6 × η24 = 14 . (C.19)
Or, written as an identity for the derivative of the modular λ(σ) function, we have
[λ′(σ)]+6 = −256π6 × λ4(σ)× (1− λ(σ))4 × η24(σ) . (C.20)






∣∣2 = 2+ 23 |λ(σ)|− 23 × |1− λ(σ)|+ 43 × |η(σ)|8 . (C.21)





∣∣−2 exp{A[σ]} = 2− 143 |λ(σ)|+ 23 × |1− λ(σ)|− 43 × |η(σ)|−8 × 1[Im(σ)]2 (C.22)
C.5 Uniqueness theorem for modular invariant harmonic func-
tions
Suppose f [σ, σ̄] is a real-valued, smooth, harmonic function that is SL(2, ZZ) invariant
with σ transforming in the usual way by fractional linear transformations, and suppose
f is bounded by some power Im[σ]p as Im[σ]→∞ Since f is modular-invariant, it can
be written as a function of the Klein invariant k ≡ J [σ], which holomorphically maps
the fundamental domain of SL(2, ZZ) in the UHP to the complex plane. Harmonic
functions map holomorphically to harmonic functions, so
f [σ, σ̄] = g[k, k̄] , ∂k∂̄k̄g[k, k̄] = 0 . (C.23)
The function k = J [σ] grows as |exp{−2πiσ}| = exp{+2πIm[σ]} at large Im[σ] so a
function bounded by some power Im[σ]p is bounded by (log|k|/(2π))p . Then ∂̄k̄ g[k, k̄]
is homomorphic in k, nonsingular, and bounded by (log|k|)
p−1
|k| as |k| → ∞. By Liouville’s
theorem,a bounded entire function is constant, so f [σ, σ̄] must be constant if it is
modular invariant and grows no faster than polynomially with Im[σ].
This same theorem automatically applies to harmonic functions of q = e2πiτ = λ(σ)
that are invariant under the anharmonic group and are bounded by a power of Im[τ ] at
weak coupling. Any such function is a modular invariant function of σ that is bounded
by a power of Im[σ] at weak coupling, and so must necessarily be a constant.
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